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(c) In the Banach space ^(E), let 3C be the closed (11.2.10) subspace of all compact
operators. Show that, in order that u e &(E) be a Riesz operator, it is necessary and
sufficient that lim (d(un, <2f))1/n = 0. (To prove that the condition is necessary, use
n-»co
(b), observing that u" = vn + wn, where wn is an operator of finite rank, hence compact.
To prove that the condition is sufficient, use the result of Problem 3 of Section 11.3,
which can be interpreted in the following way: if \\g\\ < J, then either A = 1 does not
belong to sp(# -f u) or is a Riesz point for g + u.)
5. COMPACT OPERATORS IN  HILBERT SPACES
Let E be a prehilbert space, u an operator in E. We say u has an adjoint if
there exists an operator w* in E such that
(11.5.1)	(u(x)\y) = (x\:
for any pair of points x, y in E. It is immediate that the adjoint «* is unique
(when it exists), and (by Section 6.1 (V)) that then (w*)* exists and is equal
to u. It is similarly verified that when the operators u and v have adjoints, then
u + v, lu, and uv have adjoints respectively equal to u* + v*, lw*, and y*«*.
(11.5.2)	If u is continuous and has an adjoint, then u* is continuous and
|| i/* || = ||w|| in ^(E). If E is a Hilbert space, every continuous operator in E
has an adjoint.
From (11.5.1) and the Cauchy-Schwarz inequality (6.2.4) we deduce
; ll«(*)!l • \\y\\ < Ml • W • \\y\\
for any pair jc, y; taking x = m*(j>), we get ||w*(y)|| < \\u\\ - \\y\\ for any y e E,
which proves the continuity of w* and the inequality ||w*|| ^ \\u\\; the converse
inequality is proved by interchanging u and w* in the argument. If E is a
Hilbert space and u is continuous, then, for any y e E, the linear form
x-* (u(x) \ y) is continuous, and by (6.3.2) there exists a unique vector
u*(y) such that (11.5.1) holds. From the uniqueness of u*(y), we conclude that
w* is linear, hence the adjoint of u. The second statemento f (11.5.2) does not
extend to prehilbert spaces.
An operator w in a prehilbert space E is called self-adjoint (or hermitian)
if it has an adjoint and if w* = u; the mapping (x, y) ->• (u(x) \ y) = (u(y) \ x) is
then a hermitian form on E; the self-adjoint operator u is called positive
(resp. nondegenerate) if the corresponding hermitian form is positive (resp.
nondegenerate); one writes then u ^ 0. For any operator u having an adjoint,
u + w* and i(u — u*) are self-adjoint operators.

